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Introduction

§ Work done on LDRD 20-ERD-020 Surrogates for Lattices (Seth Watts PI)

§ Kenny Swartz, Dan White, and Seth Watts have been tremendously helpful

§ Topics for today
— What’s been done so far:
• Why we are doing this
• Multiscale topology optimization
• Homogenization databases

— Work in progress:
• Machine learning material models
• C++ implementation 

§ Very much want feedback on work in progress!
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Additive manufacturing advancements
create interesting design problems

§ 3D print unit cell microstructures
— Octet truss lattice
— Density control by changing rod radii

§ Lattice of unit cells
— 3D printed with different radii
— Functional graded density

§ Design entire structures from lattices
— How to change all of the rod radii to give 

optimal structures?
— Design possibilities exceed our intuition
— 100x50x20 = 100,000 different unit cells

Figured modified from Zheng et al. [1].

D = r/2
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Density based topology optimization to find optimal designs

§ Topology optimization has been a way to design 
complex structures that exceed our intuition

§ Classical Finite Element Method
— Linear static loads
— Small strains

§ Givens: domain and boundary condition

§ Problem: find the best placement of material

§ Goal: minimize structural compliance
— Subject to a mass constraint

§ Each finite element is given a density
— Between zero (no material) and one (full material)

<latexit sha1_base64="ZOs5Lo4xvfwVkMV++swDJkeYLpQ="></latexit>
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<latexit sha1_base64="RnnsIV9kvXu01g6oJNbAgXb/4M8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq6dHqs/75YpX9ebAq8TPSQVyNPrlr95A0TRm0lJBjOn6XmKDjGjLqWDTUi81LCF0TIas66gkMTNBNr92is+cMsCR0q6kxXP190RGYmMmceg6Y2JHZtmbif953dRG10HGZZJaJuliUZQKbBWevY4HXDNqxcQRQjV3t2I6IppQ6wIquRD85ZdXSeui6l9Wa/e1Sv0mj6MIJ3AK5+DDFdThDhrQBAqP8Ayv8IYUekHv6GPRWkD5zDH8Afr8AZ9Ijyw=</latexit>⇢i
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Topology optimization example on cantilever beam

With a limited amount of material, find the 
best cantilever beam that minimizes 
compliance.

Figures from Guest et al. [2]. 
Red represents density of 1, blue represents density of 0. Design 
evolution using continuation method.
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Design of lattice structures via multiscale topology optimization

§ Just like the previous topology optimization problem

§ Givens: domain and boundary condition

§ Problem: find the best distribution of rod radii

§ Goal: minimize structural compliance
— Subject to a mass constraint

§ Each finite element has a fixed rod radius
— Lower and upper bound on the rod size
— Based on what is physically possible to 3D print

§ Optimally designed structure that can be directly 
created with additive manufacturing!

<latexit sha1_base64="cGNfRj264Gs1G0zRW8SbOdx6UCQ=">AAAB6nicbVDLSgNBEOz1GeMrKnjxMhgET2FXRD2GePGYoHlAsoTZyWwyZHZ2mekVQsgnePGgiFev/oVf4M2L3+LkcdDEgoaiqpvuriCRwqDrfjlLyyura+uZjezm1vbObm5vv2biVDNeZbGMdSOghkuheBUFSt5INKdRIHk96F+P/fo910bE6g4HCfcj2lUiFIyilW51W7RzebfgTkAWiTcj+eJh5Vu8lz7K7dxnqxOzNOIKmaTGND03QX9INQom+SjbSg1PKOvTLm9aqmjEjT+cnDoiJ1bpkDDWthSSifp7YkgjYwZRYDsjij0z743F/7xmiuGVPxQqSZErNl0UppJgTMZ/k47QnKEcWEKZFvZWwnpUU4Y2nawNwZt/eZHUzgreReG8YtMowRQZOIJjOAUPLqEIN1CGKjDowgM8wbMjnUfnxXmdti45s5kD+APn7Qc5ApF4</latexit>ri

<latexit sha1_base64="5tmXoaxb0AdM1fObwLfkBaIkRbE="></latexit>
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Comparison of topology optimization with multiscale design

§ Black is fully dense finite element cell

§ White is no material

§ For the truss lattices
— Black being largest rod radius
— White no material (or smallest radius)
— Grey is some radius in between

Classical topology optimization of MBB beam (with domain symmetry)

Octet truss beam

ORC truss beam

Figures from Watts et al. [3] 
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Multiscale topology optimization result in 3D

Optimal 3D MBB beam made of ORC truss microstructure. See the variation of 
rod radii throughout the structure. Figure from Watts et al. [3].
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Machine learning model use in multiscale topology optimization

§ Machine learning models are 
used to describe the 
microstructure scale

§ Model of volume fraction as 
function of rod radius

§ Finite element stiffness as a 
function of rod radius
— Use ML to predict homogenized 

stiffness matrix
— As a function of the truss rod 

radius

<latexit sha1_base64="8W2hURK/fl3K3w89lfW4b9++2cM=">AAAB8XicbVDLSsNAFJ3UV62vqks3Q4tQEUoioi6LblxWsA9sQplMJ+3QySTM3BRC6F9040IRt/6Nu/6N08dCWw9cOJxzL/fe48eCa7DtqZXb2Nza3snvFvb2Dw6PiscnTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+8GHmt0ZMaR7JZ0hj5oWkL3nAKQEjvbgDAniEK+qiWyzbVXsOvE6cJSnXSu7lZFpL693it9uLaBIyCVQQrTuOHYOXEQWcCjYuuIlmMaFD0mcdQyUJmfay+cVjfG6UHg4iZUoCnqu/JzISap2GvukMCQz0qjcT//M6CQR3XsZlnACTdLEoSASGCM/exz2uGAWRGkKo4uZWTAdEEQompIIJwVl9eZ00r6rOTfX6yaRxjxbIozNUQhXkoFtUQ4+ojhqIIokm6A29W9p6tT6sz0VrzlrOnKI/sL5+AFFTkwQ=</latexit>

v̂(r)
<latexit sha1_base64="V1SZGyxIM+9gvDn1Kr7F26QaDCM="></latexit>
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Homogenized ML material models

§ Performed homogenization on various truss 
microstructures

§ Use a unit Young’s modus, but specified 
Poisson’s ratio
— Allows us to switch between different isotropic 

printing materials
— Reduces the number of unknowns by 1

§ Most microstructures have an orthotropic 
response

§ ML model learns Voigt stiffness matrix as 
function of geometry and Poisson’s ratio

Continuum equivalent 
structural stiffness

<latexit sha1_base64="kJpPc8wDmLakQp8v4XFw63G2HXA="></latexit>
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The ML material models are meant to be used in a design tool

§ Assumptions: Linear static and small strain

§ This is not going to give you highly resolved structural behavior
— No impacts, no failures
— Still need to run highly resolved simulations for these

§ The design tool is meant to answer the question:
— Given a possible brick of material
— Where and how can we place unit cell microstructures
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Homogenization databases of various structures
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Solid and hollow truss lattices
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Implicit lattice representations
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Triply Periodic Minimal Surfaces (TPMS)
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Enforcing that our ML models produce Symmetric Positive 
Definite (SPD) matrices

§ Stiffness matrix predictions from ML model 
should be SPD

§ Implemented SPD enforcement methods 
from literature as “neural network layers”
— “spdlayers” improve model accuracy compared 

to models that don’t enforce SPD [4]

§ Model on the right:
— Two inputs (rod radius, Poisson ratio)
— Outputs Voigt stiffness matrix (6 x 6)
— One hidden layer neural network, with SPD 

enforcement

§ https://github.com/LLNL/spdlayers

https://github.com/LLNL/spdlayers
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How does spdlayers work?

§ Cholesky decomposition [5]
— ML model predicts lower triangular form
— ”FIX” negative diagonal
— Do                  with positive diagonal
— Code shown on right 

§ Exponential map [6]
— Described as a tangent plane that is always SPD
— Do eigenvalue decomposition
— ”FIX” negative eigenvalues
— Reassemble          with corrected eigenvalues and 

original eigenvectors

<latexit sha1_base64="2VXshKVLOY4INkGn2OGL0wBlRaQ=">AAACH3icbVDLSgMxFM3UV62vUZdugkVwVWakVDdCsRsXLir0BW0tmUymDc08SO6IZZg/ceOvuHGhiLjr35g+Fn14IOTknHvJvceJBFdgWWMjs7G5tb2T3c3t7R8cHpnHJw0VxpKyOg1FKFsOUUzwgNWBg2CtSDLiO4I1nWFl4jefmVQ8DGowiljXJ/2Ae5wS0FLPLHWcULhq5OsrqaT4Fi8KD+ny66kD7AWSWtoz81bBmgKvE3tO8miOas/87bghjX0WABVEqbZtRdBNiAROBUtznVixiNAh6bO2pgHxmeom0/1SfKEVF3uh1CcAPFUXOxLiq8mMutInMFCr3kT8z2vH4N10Ex5EMbCAzj7yYoEhxJOwsMsloyBGmhAquZ4V0wGRhIKONKdDsFdXXieNq4JdKhQfi/ny3TyOLDpD5+gS2egaldE9qqI6ougVvaNP9GW8GR/Gt/EzK80Y855TtARj/AeRtKSU</latexit>

C = LLT

<latexit sha1_base64="FL9cGz0ix058F1C76qsPv/NIm1g=">AAACDnicbVC7TsMwFHXKq5RXgJEloqrEVCUIAWMFCwNDkfqSmlA5jtNadR6ybxBVlC9g4VdYGECIlZmNv8FpM9CWI1k+Pude+d7jxpxJMM0frbSyura+Ud6sbG3v7O7p+wcdGSWC0DaJeCR6LpaUs5C2gQGnvVhQHLicdt3xde53H6iQLApbMImpE+BhyHxGMChpoNdsN+KenATqSm+z+de9DfQR0lY20Ktm3ZzCWCZWQaqoQHOgf9teRJKAhkA4lrJvmTE4KRbACKdZxU4kjTEZ4yHtKxrigEonna6TGTWleIYfCXVCMKbq344UBzKfUVUGGEZy0cvF/7x+Av6lk7IwToCGZPaRn3ADIiPPxvCYoAT4RBFMBFOzGmSEBSagEqyoEKzFlZdJ57RundfP7s6qjasijjI6QsfoBFnoAjXQDWqiNiLoCb2gN/SuPWuv2of2OSstaUXPIZqD9vULbB+dnw==</latexit>

LLT <latexit sha1_base64="x0ZXwqnqzO8Tl3aWLx83piFKR40=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy5cVLAPaMeSyaRtaCYZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBkMM595KTE8ScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8XXmtx+p0kyKezOJqR/hoWADRrCx0kMvkDzUk8he6e20X664VXcGtEy8nFQgR6Nf/uqFkiQRFYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUsFjqj201nqKTqxSogGUtkjDJqpvzdSHOksmp2MsBnpRS8T//O6iRlc+ikTcWKoIPOHBglHRqKsAhQyRYnhE0swUcxmRWSEFSbGFlWyJXiLX14mrbOqd16t3dUq9au8jiIcwTGcggcXUIcbaEATCCh4hld4c56cF+fd+ZiPFpx85xD+wPn8ARNekuY=</latexit>

L

<latexit sha1_base64="0NByrmeRmzc5rleOdoWM/TI6opM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZfFblxWsA9ox5LJpG1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoJJI/M7j1RpJsW9mcbUj/BIsCEj2FjpoR9IHuppZK+0MRuUK27VnQOtEi8nFcjRHJS/+qEkSUSFIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUoEjqv10nnqGzqwSoqFU9giD5urvjRRHOotmJyNsxnrZy8T/vF5ihtd+ykScGCrI4qFhwpGRKKsAhUxRYvjUEkwUs1kRGWOFibFFlWwJ3vKXV0n7oupdVmt3tUr9Jq+jCCdwCufgwRXU4Raa0AICCp7hFd6cJ+fFeXc+FqMFJ985hj9wPn8ABbGS3Q==</latexit>

C
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Fitting ML model via Sobolev norm to ensure accurate 
derivatives for topology optimization

§ Derivates are important!

§ Our ML material model must be differentiable for topology optimization

§ ML model is trained to minimize the Sobolev norm [7]
— ML model parameters 
— Hat denotes ML prediction
— Rod radius
— Voigt stiffness matrix
— Sobolev weighting coefficient 

<latexit sha1_base64="ZoFiyVmLwq3QkpiUf4cbEf5BI1c="></latexit>

min
�

kĈ(r)�C(r)k+mk@Ĉ(r)
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<latexit sha1_base64="4hhMh7GdPFiuEa4KE7yrDDRm8kw=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVCUIAWMFC2OR6ENqospxnNaq40T2DaKK+issDCDEyo+w8Tc4bQZoOZLlo3PulY9PkAquwXG+rcra+sbmVnW7trO7t39gH9a7OskUZR2aiET1A6KZ4JJ1gINg/VQxEgeC9YLJbeH3HpnSPJEPME2ZH5OR5BGnBIw0tOtekIhQT2Nz5V7AgMyGdsNpOnPgVeKWpIFKtIf2lxcmNIuZBCqI1gPXScHPiQJOBZvVvEyzlNAJGbGBoZLETPv5PPsMnxolxFGizJGA5+rvjZzEuohnJmMCY73sFeJ/3iCD6NrPuUwzYJIuHooygSHBRRE45IpREFNDCFXcZMV0TBShYOqqmRLc5S+vku55071sXtxfNFo3ZR1VdIxO0Bly0RVqoTvURh1E0RN6Rq/ozZpZL9a79bEYrVjlzhH6A+vzB8IJlOs=</latexit>

�

<latexit sha1_base64="0NByrmeRmzc5rleOdoWM/TI6opM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZfFblxWsA9ox5LJpG1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoJJI/M7j1RpJsW9mcbUj/BIsCEj2FjpoR9IHuppZK+0MRuUK27VnQOtEi8nFcjRHJS/+qEkSUSFIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUoEjqv10nnqGzqwSoqFU9giD5urvjRRHOotmJyNsxnrZy8T/vF5ihtd+ykScGCrI4qFhwpGRKKsAhUxRYvjUEkwUs1kRGWOFibFFlWwJ3vKXV0n7oupdVmt3tUr9Jq+jCCdwCufgwRXU4Raa0AICCp7hFd6cJ+fFeXc+FqMFJ985hj9wPn8ABbGS3Q==</latexit>

C

<latexit sha1_base64="dNaRbtHUcByh+nWByrC7ShFQ0BQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4A+M/w==</latexit>r
<latexit sha1_base64="p3S6vtT5I9zvgrgQiKUBevrqAhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2HuM+g==</latexit>m
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ML model woes

§ For each microstructure we need ML models for
— Volume fraction
— Homogenized stiffness matrix
— Homogenized thermal conductivity
— Homogenized thermal expansion

§ We need to train a lot of ML models
— Not found one single ML model to rule them all that didn’t sacrifice accuracy
— Training one ML model is easy, training LOTS of models is hard!
• Automation of this process is prone to soft failures
• One particular model/data gives a poor fit (go back and retrain these by hand)

— Neural networks have given more training pains
• Occasionally the neural network training fails

— Radial basis functions have some training pains
• Slower and bigger than Neural Networks
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How our ML knowledge changes over time
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Obtain more data
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§ Leverage PyTorch’s Python to C++ persistence

§ What we’ve proposed
— Train ML models in Python
• Rapid development and deployment
• New data, new ML techniques

— Save ML models as a single ‘.pt’ file
• Binary zip file
• Contains human readable metadata when extracted

— Load the .pt file in c++ with no Python dependencies
• Arbitrary models at runtime
• Get derivatives of models
• Using  ‘libtorch’

From training ML model to C++ production 
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§ Derivatives are important!

§ Using PyTorch’s autodiff
— Don’t need to code derivatives for 

each ML model

§ Getting derivatives of out with 
respect to inputs

§ This is getting implemented as a 
LiDO operator (Kenny Swartz) 

Get derivatives of ML model at runtime

<latexit sha1_base64="IuTRPLLOOkknL0c5CBjAftOicL0=">AAACHXicbVDLSgMxFM34rPU16tJNsAh1U2akqMtiNy4r2Ad0hpJJM21oJhmSjFCG+RE3/oobF4q4cCP+jZl2QG09EHI4597k3hPEjCrtOF/Wyura+sZmaau8vbO7t28fHHaUSCQmbSyYkL0AKcIoJ21NNSO9WBIUBYx0g0kz97v3RCoq+J2exsSP0IjTkGKkjTSw614oEU69GElNEYPeGOnUCwQbqmlkrrSZZVV5lv1UyAwO7IpTc2aAy8QtSAUUaA3sD28ocBIRrjFDSvVdJ9Z+mr+IGcnKXqJIjPAEjUjfUI4iovx0tl0GT40yhKGQ5nANZ+rvjhRFKh/WVEZIj9Wil4v/ef1Eh1d+SnmcaMLx/KMwYVALmEcFh1QSrNnUEIQlNbNCPEYmLm0CLZsQ3MWVl0nnvOZe1Oq39UrjuoijBI7BCagCF1yCBrgBLdAGGDyAJ/ACXq1H69l6s97npStW0XME/sD6/AYdqaMq</latexit>

@Ĉ(r)

@r
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§ As time goes on, we might get better ML techniques, or more data

§ Can give the user a choice between
— High accuracy but high inference time
— Lower accuracy with faster inference time

§ Quickly switch between microstructures at runtime

§ Maybe you have a particular design situation that is starting to be expensive
— Quickly train a lower accuracy ML model that would be much cheaper in inference!

§ Other benefits:
— Don’t have to implement each ML model architecture configuration in C++
— Less C++ code to write
— One unified interface

Why have a hot swappable ML material models at runtime?
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Metadata into the .pt files that tells us about the ML model

§ You can put extra stuff into 
.pt files

§ Example of metadata.json
on the right
— Human and machine readable

§ Can access ‘metadata’ in 
c++ at runtime
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§ I want your thoughts!

§ ML (neural network) is fast when you give a large batch of computation
— e.g. compute stiffness tensor for entire parallel mesh
— Could run into memory issues, memory overhead is ~ Batch_Size x Fattest_Hidden_Layer

§ ML is slow when you give only a single computation 
— e.g. compute the stiffness tensor per integration point

§ ML model input:
— Multi-dimensional array
— Rod radii, Poisson’s ratio

§ ML model output:
— Multi-dimensional array
— Voigt stiffness matrix components

Thoughts on C++ implementation of the ML material models…



26
LLNL-PRES-835421

§ Coming up with designs to fully leverage additive manufacturing techniques is hard

§ We want to use multiscale topology optimization to design structures that can be 
directly 3D printed as lattices of microstructures

§ Machine learning is one way to do multiscale topology optimization 

§ Homogenization stiffness matrix datasets for various microstructures

§ Creating machine learning linear orthotropic material models for various structures
— Input: geometric rod radius and Poisson’s
— Output: Homogenized stiffness matrix

§ Happy to hear you thoughts, comments, and suggestions!

Summary
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